Abstract. In this article, we give a short algebraic proof that all closed intervals in a γ-Cambrian semilattice C γ are trim for any Coxeter group W and any Coxeter element γ ∈ W. This means that if such an interval has length k, then there exists a maximal chain of length k consisting of left-modular elements, and there are precisely k join-and k meet-irreducible elements in this interval. As a consequence it follows that every graded interval in C γ is distributive. This problem was open for any Coxeter group that is not a Weyl group.
Introduction
The γ-Cambrian semilattice, denoted by C γ and parametrized by a Coxeter group W and a Coxeter element γ ∈ W, was introduced by Reading and Speyer in [16] , generalizing Reading's construction for finite W [14, 15] . This family of semilattices can be seen as a generalization of the famous Tamari lattices to all Coxeter groups, in the sense that the γ-Cambrian semilattice associated with the symmetric group S n and the Coxeter element γ = (1 2 . . . n) is isomorphic to the Tamari lattice of parameter n. The Tamari lattices play an important role in algebraic and geometric combinatorics, and frequently occur in many seemingly unrelated branches of mathematics [12] .
Previously, many of the properties of the Tamari lattics have been generalized to the γ-Cambrian semilattices, such as EL-shellability and the topology of their order complexes [9] , congruence-uniformity [13, 16] , or semidistributivity [16] . Another property that the Tamari lattices enjoy is trimness, introduced by Thomas [17] . A finite lattice of length k is trim if it possesses a left-modular chain of length k, and if it has precisely k join-and k meet-irreducible elements. An interesting observation that goes back to Markowsky [11] is the fact that graded trim lattices are distributive. Hence trimness can be seen as a generalization of distributivity to ungraded lattices. It was conjectured in [17] that C γ is trim for any finite Coxeter group W, and any Coxeter element γ ∈ W. In the same paper, it was shown that this conjecture is true when W is of type A or B, using the permutation representation of these groups and the definition of C γ as posets on certain pattern-avoiding permutations [17, Theorems 8 and 9] . Subsequently, it was shown in [7, Theorem 4.17] that said conjecture holds when W is a Weyl group, using the definition of C γ as posets on torsion classes of certain quiver representations. It is the purpose of this paper to prove the trimness of C γ in full generality, namely when W is an arbitrary (perhaps infinite) Coxeter group, and γ ∈ W is any Coxeter element. More precisely, we prove the following theorem. Recall that when W is infinite, C γ is only a semilattice since it does not possess a maximal element. However, any closed interval in C γ is a finite lattice in its own right, and Theorem 1.1 thus implies a local trimness of C γ .
The proof of Theorem 1.1 uses the definition of C γ in terms of sortable elements, and is thus uniform. A crucial property for proving Theorem 1.1 is the semidistributivity of C γ that was established in [16, Section 8] . Semidistributivity can be seen as another generalization of distributivity to ungraded lattices, but it is different from trimness. Consider for instance the lattice in Figure 1(a) . This is a trim lattice, since it has length 4, it has exactly four join-and meet-irreducible elements, and the highlighted chain consists of left-modular elements. However, it is not semidistributive, since it is precisely one of the minimal lattices that were used in [2] to characterize semidistributivity. Conversely, Figure 1 (b) shows a semidistributive lattice that is not trim, since it has four join-and four meet-irreducible elements, but length only three.
We recall the necessary background on Coxeter groups in Section 2.1, and recall the definition of the γ-Cambrian semilattices in Section 2.2. We define the non-standard poset-theoretical concepts when needed, and refer to [3] for any undefined terminology. In Section 3, we prove Theorem 1.1.
Preliminaries
In this section we give the definitions needed in the remainder of this article. For more information on Coxeter groups, we refer to [1] and [6] . An excellent exposition on γ-Cambrian semilattices is [16] . 
Now we can define the (right) weak order on W by
The poset W = (W, ≤ S ) forms a graded meet-semilattice with rank function ℓ S (w). 
is called a reduced word for w. An element γ ∈ W that has a reduced word which is a permutation of the simple generators is called a Coxeter element. Without loss of generality, we can restrict our attention to γ = s 1 s 2 · · · s n , and define the half-infinite word
The vertical bars serve only as "dividers" and have no influence on the structure of γ ∞ . However, they yield an intuitive notion of a block of γ ∞ . It is easy to see that every reduced word for w ∈ W can be regarded as a subword of γ ∞ . Among all reduced words for w there is a unique reduced word which is lexicographically first as a subword of γ ∞ . We refer to this as the γ-sorting word of w. We say that w is γ-sortable if the blocks of the γ-sorting word of w form a weakly decreasing sequence with respect to inclusion. Let C γ denote the set of all γ-sortable elements of W. Example 2.1. LetC 3 be the affine Coxeter group generated by {s 0 , s 1 It is rather straightforward from the definition that the set C γ of γ-sortable elements does not depend on the reduced word for γ, see for instance [16, Section 2.7] for a detailed explanation. When proving statements about C γ , we will frequently apply two parallel inductions. One induction runs over the length of a γ-sortable word (and leaves the rank of the Coxeter group fixed), and a second induction runs over the rank of the Coxeter group (and leaves the length of the word fixed). Proposition 2.2 guarantees that these inductions do not interfere with each other.
The next result indicates the special role of the γ-sortable elements among the elements of W. This theorem implies that C γ equipped with the weak order constitutes a subsemilattice of W, the so-called γ-Cambrian semilattice of W, usually denoted by C γ = (C γ , ≤ γ ), where ≤ γ is the restriction of ≤ S to C γ . Figure 2 shows an interval in the γ-Cambrian semilattice of the affine Coxeter groupC 3 and the Coxeter element γ from Example 2.1.
As observed in [16] , the γ-Cambrian semilattices have some important latticetheoretic properties. Recall that a lattice L = (L, ≤) is join-semidistributive if it satisfies
for all x, y, z ∈ L. It is meet-semidistributive if its dual is join-semidistributive, and semidistributive if it is both join-and meet-semidistributive. 
Trimness of Closed Intervals of C γ
Let L = (L, ≤) be a lattice. Recall that x ∈ L is join-irreducible if for every set X ⊆ L with x = X we have x ∈ X. In other words x cannot be expressed as the join of some elements of L strictly below x. Join-irreducible elements can be easily spotted in the Hasse diagram of L since they are precisely the elements with a unique lower cover. Let J (L) denote the set of join-irreducible elements of L. Dually, x ∈ L is meet-irreducible if it cannot be expressed as the meet of some elements of L strictly above x. The meet-irreducible elements of L are precisely the elements with exactly one upper cover, and we denote the set of all meet-irreducible elements of L by M(L). Let L be a lattice of length n, i.e. the maximum length of a maximal chain in L is n. According to [11] 
If L has length n and there exists a maximal chain0
Finally, L is trim if it is both extremal and left-modular [17] . We now recall a few helpful results. Let γ = s 1 s 2 · · · s n , let w ∈ C γ such that ℓ S (w) = k, and let w = r 1 r 2 · · · r k be the γ-sorting word of w. It is immediate that the length of the interval [ε, w] γ is k and that the chain Proof. Let y ⋖ γ z ≤ γ w, and fix some i ∈ {1, 2, . . . , k}. In view of Theorem 3.2 it suffices to show that
We proceed by induction on rank and length. If W has rank 2 or if ℓ S (w) = 2, then the result is trivially true. Hence let W have rank n and let ℓ S (w) = k. Suppose that the claim is true for all parabolic subgroups of W of rank < n, and for all γ ′ -sortable elements w ′ ∈ W for some Coxeter element γ ′ ∈ W with ℓ S (w ′ ) < k. We distinguish two cases: (i) Let s 1 ≤ γ w. In particular we have (4) is satisfied by induction hypothesis.
If 
which contradicts the semidistributivity of [ε, w] γ . (Note that the assumption x j ∨ y = x j ∨ z implies that y ′ , x j ∧ z ′ , and z are three distinct elements.) Hence (4) is satisfied.
(
, and the result follows by induction on rank.
Proof. We proceed again by induction on rank and length. If W has rank 2 or if ℓ S (w) ≤ 2, then the result is trivially true. Hence let W have rank n, let ℓ S (w) = k, and suppose that the claim is true for all parabolic subgroups of W of rank < n, and for all γ ′ -sortable elements w ′ ∈ W for some Coxeter element γ ′ ∈ W with ℓ S (w ′ ) < k. We distinguish two cases: 
